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bumin in 1% solution a t pll 5 is increased from 
0.045 to only 0.075 in 4 M urea, while the number 
of reacted disulfide groups increases from zero 
(reaction t ime of 24 hr.) to 5 in 4 M urea. This was 
after a reaction period of 10 minutes and the 
equilibrium value is undoubtedly considerably 
greater. I t seems reasonable to conclude tha t un
folding or swelling, even to a slight extent as re
vealed by the slight increase of the viscosity, makes 
disulfide groups between helices much more re

active toward sulfite than they are in the native 
s tate . 
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A derivation is given of an equation by which the distribution of diffusion coefficients can be evaluated in certain cases 
from concentration-position observations taken after a known time of diffusion of a polymer solute under "semi-infinite 
solid" geometry conditions. 

Introduction 
In the course of our studies of the distribution 

in molecular weights of lignin preparations,2 

it became desirable to be able to ascertain, a t least 
approximately, the distribution of molecular 
weights or of diffusion coefficients within a sepa
rated polymer fraction. This can be done by re
peated refractionations,2b '3 bu t such procedures 
are tedious to carry out and they leave unresolved 
the question of what is the distribution in a particu
lar fraction as finally obtained. 

In certain cases the desired distribution can be 
estimated directly from diffusion data as previously 
recognized by Gralen4 and by Daune and Freund.6 

In this Laboratory a solution-to-gel diffusion pro
cedure6 involving "semi-infinite solid" geometry7 

has been used to obtain estimates of mean dif
fusion coefficients. The da ta obtained in the course 
of carrying out this procedure, comprising measure
ments of solute concentrations a t several distances 
from the boundary after a known time of diffusion, 
also can be used to obtain estimates of distribution 
of diffusion coefficients. 

In Fig. IA, the concentration-position da ta ob
tained from our diffusion experiments with vanillin 
and with a lignin sulfonate preparation are repre
sented on a linear scale. In Fig. IB, the same data 
are shown bu t with a "probabil i ty scale" for the 

(1) Extracted from a Dissertation submitted by Jovan Moacanin in 
partial fulfillment of the requirements for the degree of Doctor of 
Philosophy at the University of Washington in 1950. 

(2) (a) J. Moacanin, V. F. Felicetta, W. Haller and J. L. McCarthy, 
T H I S JOUKN/U., 77, 3470 (1955); (b) V, F. Felicetta, A. Ahola and J. L. 
McCarthy, ibid., 78, 1899 (1950); (c) R. Nokihara, M. Jean Tuttle, 
V. F. Felicetta and J. L. McCarthy, ibid., 79, 4495 (1957); and (d) 
V. F. Felicetta and J, I.. McCarthy, ibid., 79, 4499 (1957). 

(3) P. Florv, "Chemistry of High Polymers," Cornell University 
Press, Ithaca, N. Y., 1953 

(4) N. Gralen, Kalloid-Z., 95, 188 (1941). 
(5) M. Daune and L. Freund, J. Poly. Sci., 33, 115 (1957). 
(C) V. F. Felicetta, A. K. Markham, Q, P. Peniston and J. L. Mc

Carthy, Tins JOURNAL, 71, 2879 (1949). 
(7) II. S. Ciirsliiw and J. C. Jaeger, "Conduction of Heat in Solids," 

Clarendon Press, London, 1947. 

ordinate, and it can be seen tha t a straight line is 
now obtained with the pure substance, vanillin. 
However, a curved line still is produced with the 
lignin sulfonate preparat ion and this curvature re
flects the polydisperse na tu re of the preparation. 
The purpose of this paper is to set forth the deriva
tion of an equation by which the statistical moments 
of the distribution of diffusion coefficients in poly
mers can be evaluated from da ta such as are illus
trated in Fig. 1. 

Moment Relationships 
In general, the moment of integer order n, 

about a point b, for a continuous variable x, is 
defined8 

- / . 
"I-= 

O - b)"f{x) Ax ( la) 

w h e r e / {x) satisfies the condition 

/(*) dx = 1 
/ -

For a discrete variable, Xk, the moment is 

«n = X) Ok - b)nf(xk) 
k 

where/(.Tk) satisfies the condition 

(lb) 

k 
1 

When b is zero, equation 1 provides the "wth 
moment about the origin," n'n, and when b is the 
mean, there results the "nth moment about the 
mean," ^n . A particular curve can thus yield 
any number of moments and in general a curve can 
be described in terms of an appropriate number of 
moments.1 0 
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The first moment about the origin is the mean 
value or mathematical expectation and the second 
moment about the mean is the variance or square 
of the standard deviation. Referring to the weight 
distribution of diffusion coefficients or, more con
veniently, to the weight distribution of the square 
root of diffusion coefficients, the mean and the 

variance are 

i 

Mn, = E (ZV/* - '̂D1)
2TOi 

(2) 

(3) 

where w\ is the weight fraction of the ith. com
ponent. I t is desired to evaluate these and higher 
moments characteristic of the distribution of dif
fusion coefficients, i.e., the "diffusivity moments" 
from experimental information such as tha t given 
in Fig. 1. 

However, each curve of Fig. 1 has its own set of 
moments which here will be called "concentration 
moments" to distinguish them from the "diffusivity 
moments" mentioned above. The concentration 
moments about the origin readily can be evaluated 
graphically or otherwise directly from the experi
mental da ta of Fig. 1 by integrating expressions of 
the type 

/.+M&) d* (4) 

where n = 1, 2, 3 = positive integer. The number 
of moments significant to evaluate is limited only 
by the reliability of the data and the data process
ing. l 2 I t is now desired to establish a relation
ship between these concentration distribution 
moments and the diffusion distribution moments. 

When a pure substance, or the i th component of 
a polymer system, diffuses according to Flick's law 
in one direction only, with constant diffusion co
efficient Dx without interaction with other com
ponents and from a solution a t substantially con
s tant concentration, C0, into a gel as described 
elsewhere,6'12 then by integration of Fick's law 
it is found tha t after a diffusion time t, the con
centrations Cx a t various distances x from the 
boundary, are 

^" = 1 - -4-- f3 e-y* dy = 1 -erf /3 = erfc /3 (5) 
Coi V l J o 

where /3 = X/<J\ and a\ = -\Z~AD\t. When all com
ponents of a polymeric system diffuse simul
taneously in this manner, the total concentration 
relationship is found by taking the sum over all 
components in the system as 

g - E - . ^ - E ^ e r f c f l (0) 

and thus an equation of this type should provide 
an approximate fit for the experimental data repre
sented in Fig. 1. 

To relate equation G to the diffusivity moments, 
multiply both sides by the term xn~1 and then 
integrate between the limits zero and infinity to 
obtain the integral now designated as I 

j;-£Wi(,.-.)[i-^jy*My]d* (7) 
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Fig. 1.—Concentration ratio on linear and probability 
scale versus distance into diffusion cell for vanillin and a 
polymeric lignin sulfonate preparation. 

vSince 
x"-» = (0<7i)""1 and d* = a\ d& (8) 

then 

Z - J o ° E(^XeTi)-1GiO"-1 [ l - A J V J " dy~]ai dp 

(9) 
or 

Z = E «M<n" J " /*»-> erfc/3d(3 = E '~~ J ° erfc /3d(0») 

(10) 
Designating the integral in the right-hand term of 
equation 10 by G, and integrating by parts 

G = (erfcjS)/3» - / 0 ° "* d(erfc /3) 

2 /"» 
-7= I 0"e-f>'d0 (Ha) 

The right-hand side of equation 11 can be written 
as 

»0 

and the integral is seen to be the gamma function of 
(« + I)(1A) so tha t 

-— f 
V* Jo 
I is set 
ha t 

)roperties13 of g; 
) 

e]-^d(/8») (lib) 

(12a) 

From known properties1 3 of gamma functions 
(13, pages 93-98) 

1 / « _ 1 \ . 
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when n is an odd integer and 

when n is an even integer. Thus / can now 
be evaluated, and, since cr; = \ / 4 Z V , one obtains 

2"/"/2(7 T-^ 
7 = - - - - y > i (7VAV- (13) 

n . 
i 

Substi tution for / from equation 7 and rearrange
ment gives 

L ^ W A ) " = 2 - ^ / o % » - . ( g ) d « (14) 

The left-hand side of equation 14 is recognized 
as the expression for the MtIi moment of the distri
bution of .D1 ! about the origin 

/nn = X>c'i)(7VA)» (15) 

while the integral on the right-hand side of the 
equation is the (w — I)Ui moment of the distribu-
of concentration, Cx/Co, about the origin 

-"- '=J>"~'(S)d* <i6) 

Thus equation 14 can be written in terms of 
the two types of moments as 

and this is the desired general moment relation
ship. The specific equations for the first four 
moments of the distribution of D''* about the 
origin follow from equation 17 with equations 12b 
and 12c 

v- n>/ V x f + ° / C A . /n.S8f>\ , 

( I S ) 

^ = E^=-;/o
+"(g)xc,* = (i),<ei (19) 

Introduction 
Iu the s tudy of lignins and other polymers, it 

is often of importance to ascertain the mean molec
ular weights find also the distribution in molecu
lar weights of the components of a given prepa-
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Numerical values of moments reflecting the 
distribution of diffusion coefficients of molecules 
comprising a polymeric system thus can be ob
tained from moments of the experimentally-ob
tained concentration-distribution curve. The de
gree of reliability with which we find this can be 
done under certain conditions is being reported 
in another communication.12 

However, it is clear that , in practice, estimates 
of only the first few moments are available with an 
acceptable degree of accuracy so it is of interest to 
know how well these can be used to describe a 
distribution function. Several studies on this 
question have not led to a simple answer.9 It has 
been reported tha t if two distributions have the 
same moments up to the order n, then graphs of the 
corresponding cumulative distribution functions 
must have at least n intersections.9 Thus it seems 
justified to conclude that two monotonic curves 
with a large number of intersections cannot, in 
general be far distant from each other. If it is 
assumed tha t the probability functions for dif
fusion coefficients or for molecular weights of 
polymer molecules have no discontinuities and also 
are unimodal, it then appears improbable that two 
distributions with identical first few moments 
will differ greatly. The, authors appreciate Mr . 
D. A. Ratkowsky's suggestions concerning this 
paper. 
SEATTLE, WASHINGTON 

ration. In this Laboratory some information on 
the molecular weights of lignin sulfonates lias been 
obtained using diffusion3 and light scattering 
methods4 and, in several cases, preparations have 
been fractionated by re.precipitn.tion procedures and 
the mean molecular weights of the resultant frac
tions have been estimated to secure information 

(3) V. F. Felicetta, A. E. Markham, Q. P. Peniston and J. L. Mc
Carthy, T H I S JOURNAI,, 71, 287!) M'Mti). 

(4) J. Moacanin, V. F Felicetta, W. IIallcr and J. L. McCarthy, 
ibid., 77, 3470 (1055). 
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From concentration-position observations taken after a known time of diffusion of a polymer solute under "semi-infinite 
solid" geometry conditions, the statistical moments of the distribution in diffusion coefficients of the polymer mixture can 
be estimated under certain conditions. Illustrative data and calculations of the moments using an IBM (150 machine are 
reported for some lignin sulfonate polymers. Estimates also are given of the corresponding weight distributions of diffusion 
coefficients and of molecular weights of the lignin sulfonates. 
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